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Introduction 

For simply connected compact exceptional Lie groups G = Fi, Eq and Ej , we 
consider two involutions a, 7 and determine the group structure of subgroups G"^'"*" 
of G which are the intersection G"' n C of the fixed points subgroups of G'" and 
G'^ . The motivation is as follows. In [1], we determine the group structure of 
(i^4)°''°" , {EqY''^ and {EjY''^ , and in [2], we also determine the group structure of 
{G2Y'^ , {FiY'^ and {EqY'^ . So, in this paper, we try to determine the type of 
groups (^4)'^'^, {EqY''^ and [EjY^^ . Our results are the following second columns. 
The first columns are already known in [3], [4] or [5] and these play an important 
role to obtain our results. In Table 1, the results of the group structure of G"''^ 
are obtained by the result of C and in Table 2, ones are obtained by the result of 
G" . In this paper, we show the proof of the results of the first and the second line 
of Table 1 and the third line of Table 2. 

Acknowledgment The author is grateful to Professor Ichiro Yokota for his 
valuable commentes. 

Table 1 

G G^ ff^'^ 

F4 X Sp{i))/Z2 {Sp{l) X Sp{l) X Sp{2))/Z2 

Ee {Sp{l)xSU{6))/Z2 {Sp{l) x S{U(2) x U{4)))/ Z2 

Er {SUi2) X Spin{12))/Z2 {SUi2) x Spin(A) x Spin{8))/{Z2 x Z2) 

Table 2 

G G'^ G"^'^ 



F4 Spin{9) (5pm(4) x Spin{5))/Z2 

Ee iU{l) X Spin{10))/Z4 {U{1) x SpiniA) x Spin{6))/ Z2 

Er {SU(2) X Spin{12))/Z2 {SU{2) x Spin{4) x Spin{8))/(Z2 x Z2) 
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As for the group {Es)^''^, we can not realize explicitly, however we conjecture 

{Es^^ ^ (5pm(4) X Spin{12))/{Z2 x Z2) 

Remark. In Er, since 7 is conjugate to —a, we have {Er)^ = {E^Y . (In detail, 
see [4].) Note that the results of Table 1 and Table 2 are the same as a set, however 
they are different as realizations. 

Notation 

(1) For a group G and an element s of G, we denote {g & G \ sg = gs} hy . 

(2) For a transformation group G of a space M, the isotropy subgroup of G at 

mi, • • • , mfe e M is denoted by Gmi,---,m^ = {g e G \ gm,i = mi, • • • ,gmk = mk}. 

(3) For a i?- vector space V, its complexification {u + iv \ u,v G V} is denoted 
by V^. The complex conjugation in V"^ is denoted by r : t{u + iv) = u — iv. In 
particular, the complexification of -R is briefly denoted by C : i?*^ = C. 

(4) For a Lie group G, the Lie algebra of G is denoted by the corresponding 
German small letter g. For example, so{n) is the Lie algebra of the group SO{n). 

(5) Although we will give all definitions used in the following Sections, if in case 
of insufficiency, refer to [3], [4] or [5]. 

1. Group F4 

We use the same notation as in [1], [2] or [5] (however, some will be rewritten). 
For example, the Cayley algebra <t = H® He^, 

the exceptional Jordan algebra Z = {X € M{Z,<t)\X* = X}, the Jordan 
multiplication X o F, the inner product (X, Y) and the elements Ei,E2,E^ G Z, 

the group F4, = {a € Isor(3) | a{X oY) = aX o aY}. 
We define i?-linear transformations a and 7 of 5 by 

(6 X3 X2\ I 6 -2:3 -X2\ I 7X2 \ 

^3 6 ^1 = ^2 Xi , 7X = 7^3 ^2 72^1 , 

X2 xi / \-a;2 xi ^3 / \7X2 T^i 6 / 

respectively, where 72;^. = 7(7/1^+0^64) = mk — ake4, Xk = ruk+akei G H®Hei = 
€. Then, a,j € F4 and = 7^ = 1. a and 7 are commutative. From 0-7 = 70-, we 
have 

(^4)^^ n {F^y = {{F^rr = {{F^yr. 

Hence, this group will be denoted briefly by (^4)'^''''. 
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Proposition 1.1. {Fi)^ ^ {Sp{l) x Sp{3))/Z2, Z2 = {{1,E),{-1,-E)}. 

Proof. The isomorphism is induced by the homomoiphism ^ : 5*^(1) xS'p(3) — ;> 
(^4)^, fip, A){M + a)= AM A* +paA*, M + aG 3(3, H) ® = (In detail, 
see [3], [5].) 

Lemma 1.2. ip : Sp{l) xSp{3) {F4)"' of Proposition 1.1 satisfies aip{p,A)a = 
ip{p,IiAIi), where Ii = diag(— 1, 1, 1). 

Proof. From a = we have the required one. 

Now, we shall determine the group structure of (^4)'^''"' = ((^4)''')'^ = {{F4,yy = 
{FiY n (F4)T. 

Theorem 1.3. {FiY'-^ {Sp{l)xSp{l)xSp{2))/ Z^, Z2 = {(1, l,i;), (-1, -1, 

-E)}. 

Proof. We define a map v>4 : Sp{l) x Sp{l) x Sp{2) {FiY'-^ by 
^i{p,q,B){M+a) : 



q 


^ 







B 






q 


^ 







B 






q 


^ 







B 






M + a e 3(3, iJ) © = -3, as the restriction of Proposition 1.1. By Lemma 
1.2, ipi is well-defined and a homomorphism. We shall show that (^4 is onto. Let 
a G (^4)'"''^. Since {FiY''< c (^4)^, there exist p e Sp{l) and A e Sp{2,) such 
that a = f{p, A) (Proposition 1.1). Prom aaa = a, we have ip{p, hAIi) = ip{p, A) 
(Lemma 1.2). Hence, 



p = p 
hAh = A 



or 



P= -P 
hAh = -A 



The latter case is impossible because p = is false. In the former case, from 
hAIi = A, wc have 



q 










B 






q 










B 






q G Sp{l), B e Sp{2). Hence, 

= f4{p,q,B), 



a= (p{q, 



that is, 954 is onto. And Kor(p4 = {(1, 1, i<^), (— 1, ~1,~E)} — Z2. Thus, we have 
the required isomorphism {Sp{l) x Sp{l) x Sp{2))/ Z2 = (^4)'^'^'. 



2. Group Eq 
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We use the same notation as in [1], [2] or [5] (however, some will be rewritten). 
For example, the complex exceptional Jordan algebra -3*^ — {X e M(3, C*^) | X* = 
X}, the Freudenthal multiplication Xy.Y and the Hermitian inner product (X, 1"), 

the group £^6 = € IsocO'^) | x aF = TaT{X x F), (aX, aF) = (X, F)}, 
and the natural inclusion F4 C Eq. 

Proposition 2.1. (£^6)'' = iSp(l) x S'[/(6))/Z2, Z2 = {(1, £), (-1, -£)}. 

Proof. The isomorphism is induced by the homomorphism ip : Sp{l) x 
SU{6) (^e)^, 'p{p,A){M + a) = fcj-^(AA;j(M)'A) + pak-'^{A*), M + a G 
^{3,Hf e = (In detail, see [3], [5].) 

Lemma 2.2. (p : Sp{l) x SU{6) {Ee^ of Proposition 2.1 satisfies aip(p,A)a 
= (fi{p,I-2Al2), where h = diag(-l, -1, 1, 1, 1, 1). 

Proof. Prom a = (f{—l,l2), we have the required one. 



Now, we shaU determine the group structure of {EqY'^ = {{Eq)'^Y = {{E^yy 
= {EerniEeP. 

Theorem 2.3. {EeY^ ^ {Sp{l) x S{U{2) x i7(4)))/Z2, Z2 = {(1,£;),(-1, 
Proof. We define a map ipe : S'p(l) x S{U{2) x C/(4)) ^ (E'e)"''' by 



M + a e 3(3, iJ)"^ e (iJ^)'^ = 5'^, as the restriction of ip of Proposition 2.1. By 
Lemma 2.2, ipe is well-defined and a homomorphism. We shall show that (pa is onto. 
Let a G (Ee)"'''. Since {Ee f''^ c (^e)^, there exist p G 5p(l) and A e 5'[/(6) such 
that a = ip{p, A) (Proposition 2.1). From aaa = a, we have ip{p, I2AI2) = (p{p, A) 
(Lemma 2.2). Hence, 



The latter case is impossible because p = is false. In the former case, we have 
A G S(JJ{2) x [/(4)). Therefore, pe is onto. Kenpe = {(1, £), (-1, -£)} = Z2. 
Thus, we have the required isomorphism {Sp{l) x S{U{2) x C/(4)))/Z2 ^ (^e)"'^- 



ipeip, A){M + a) = kj-\Akj{MYA) + pak-\A*), 




or 




3. Group Er 
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We use the same notation as in [1],[4] or [5] (however, some will be rewritten). 
For example, the Freudenthal C- vector space *P =Z ®Z ©C©C, the Hermitian 
inner product (P, Q), the C-lincar map P x Q : {P-, Q £ 

the group = {a Isoc(*P^) | a{X x y)a^i = aP x aQ, {aP, aQ) = (P, Q)}, 
the natural inclusion Eq C Ej and elements a, a' € F4 C Eq C Ej, \& E-j. 

We shall consider the following subgroup of F4. 

{{FiY^^)F^(f,) = {a G {F^Y'^ I aFi(/i) = F^{h) for ah h € H}. 

Proposition 3.1. {{FiY^^)F^(h) = Sp{l) x Sp{l){= Spin{4)). 
Proof. We define a map ip : Sp{l) x Sp{l) ((J4)'^'^)fi(?>) by 



<fi{p,q){M + a) = 




/O 0\ 

as the restriction of ipi of Theorem 1.3. By Pi(/i) = h \ + 0, if is well- 

VO 7i 0/ 

defined and homomorphism. We shall show that if is onto. Let a G {{F4Y''^)Fi{h)- 
Since ((P4)''''^)fi(/() C (Pi)'"''^, there exist e 5p(l) and B G 5^(2) such that 

a = </94(p,g,-B) (Theorem 1.3). Prom aFi{h) = Pi(/i), we have B = 
I Y- I so that 

V/i 0; 

a = ipi{p,q,E) or a = (^4(p, --B). 

In the former case, we have a = <{>i{p, q, E) = ip{p, q). In the latter case, we have 

a = (p4{p,q,-E) = ifi4{-p,-q,E)ifi4{-l,-l,-E) 
= 'P4{-p,-q:E)l = (p{-p,-q). 

Hence, (p is onto. Kerip — {(1,1)}. Thus, we have the required isomorphism 
Sp{l) X Sp{l) - ((P4)"^^)i.,(,o- 

Hereafter, in we use the following notations. 

(Pi(/i),0,0,0) = Pi(/i), (0,Pi,0,l) = Pi, 
(0, 0, -1) = E_i, {E2 + E3, 0, 0, 0) = £23. 

We shall consider a subgroup {{{E7Y'^y)Fi{h),Ei,E.i,E23 oi Er. 
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Lemma 3.2. The Lie algebra {{{e7T''^y)F^(^h),Ei,E_i,E23 droup 



iii^7r''r)Aw,E. 

= {<?( 






^ 








E—i,E23 



,0,0,0) 















eso(8), Z)^ eso(4)|. 



In 'particular, we have 















dim((((e7)'^'''r)^,(,),^,j_,,^,3) = 6. 

will be denoted by D'^, and also #(£'4,0,0,0) will be 



Hereafter, 
denoted by ^^4. 

Proposition 3.3. miT'n'')E.iK).E.,E_.,E,, = mr^'^)p^i^n)- 

Proof. Let a e {{F^Y^^)p^^hy Since ((^^4)"''')fi(/>) C (F4)- = {F^)e, (as for 
(F4)'^ = (F/^Ex^ see [3], [5]), we see aE\ = E\. As a result, because n and are 
defined using by E\ (see [1], [4] or [5]), we see that na = an and fia = aji. From 
aE = E (see [3], [5]), we have a{E2 + E3) = E2 + E3. Hence, aE23 = E23. 
Moreover, from a(0, 0,0,1) = (0,0,0,1) (see [4]. [5]). wc have aEi = Ei and 
aE^, = E_,. Obviously aF,{h) = A{h). Thus, a E (((^7)"'^)'') Ji,£_i,ij.3- 
Conversely, let a € HiErT-'^y) F^^h),Er.E_r.E2a- ^rom aEi = Ei and aE-i = 
E_i, we have a(0,£;i,0,0) = (0,£;i,0,0) and a(0, 0,0,1) = (0,0,0,1). Hence, 
a e ((£;6)^)Fi(^),B„E.+E3(see [4], [5]). Thus, {{{Fi)E,V)F,(h) = {{F^r'VF.ih). 
Therefore, the proof of this proposition is completed. 

Next, we shall consider the following subgroup of F4,. 

{{F^r^^)F^(he,) = {a e (F4)^'T I aFi(/ie4) = F^{hei) for all h G H}. 

Proposition 3.4. {{F^Y'^)F,i^he,) = Sp{2){= Spin{5)). 
Proof. We define a map ip : Sp{2) {{FiY'^jFj^^hei) by 













B 






M 













B 






+ a 













B 






as the restriction of (/34 of Theorem 1.3. Obviously is well-defined and ho- 
momorphism. We shall show that ip is onto. Let a S {{FiY"^)Fi{he4,)- Since 
{{FiY^'^)F,(hei) C (^4)'"'^, there exist p,q & Sp{l) and B G Sp{2) such that 
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a = (^4(p, 9. S) (Theorem 1.3). From aFi{hei) = Fi(/ie4)(= O + (/i,0,0)), we 
have phq = h{h G H), so that 

a = (^4(1,1,5) or a = ip4{—l,—l,B). 

In the former case, we have a = </94(l, 1, B) = (p{B). In the latter case, we have 

a = ip4i-l,-l,B) = ip4{l,l,-B)ipi{-l,-l,-E) 
= Mhl,-B)l = ^{-B). 

Hence, (p is onto. Kert^ = {E}. Thus, we have the required isomorphism Sp{2) = 

((^4)'^'^)Fi(/ie4)- 

Then, we have the following proposition. 

PROPOSITION 3.5. {{{Err'^y)^,^,,,^^,E,,E.,,E,s = HF^r'^FAhe,). 

Proof. This proof is in the way similar to Proposition 3.3. 
We shall consider the subgroup (((-E'7)''''')^)i?j(^e^)^^^ of -^7- 

Lemma 3.6. The Lie algebra {{{^7T''^y)F^(he4) Bi e_i of the group 
(((-E'7)''''')^)A(fte4),Ei,B-i given by 



Fi{he4,),Ei,E-i 

'0 
+ Ai{p) + i I e q 















,0,0,0 















.0 q - 
Di G so(4), e& R,p,qe 

In particular, we have 

dM{{{^rr-''r)Mke.),E,,Ej = ^5- 

Hereafter, (^—^ — will be denoted by D4. 

Lemma 3.7. (1) For a € H, we define a map 5i(o) o/^*^ by 
( Ci=^i 

w 6 -6 , 6 + ^3 I , , .{a,xi) . 
S2 = — n 1 7i — cos \a\ + 1 — — — sm \a\ 



Gso(8), 



1 — cos a + I — -- — sm a 



7 



^ . (6+e3)a . I I 
x\ = a;i + 1 p-; sm a - 

\a\ 

, \a\ .x^a . \a\ 

Xn = X2 COS — + i-r—r sm — 
^ 2 \a\ 2 

, \a\ .ax^ . \a\ 

x^ = Xs COS — + i-r-r sm — 



Then, 5i(a) € (((i?7)«'^)^)^,(,,,),B,,B_,- 

(2) For t ^ R, we define a m.ap a2?,{t) of Z'~^ by 



2(a,Xi)o . \a\ 
1.12 (^i^V 





a;3 














\a;2 


a;i 







it/2 



X2 



Proof.(I) For a e if, wo have iF,{a) G (((e7)"^^)^)j^,(^e4),Bi,B_i (Lemma 3.6). 
Hence, 5i(a) = expiFi(a) e (((S7)"'"")"0A(he4),£i 



(2) For t€R,we have ii(i;2 - i^a)^ e (((e7)'*'^)'')^^(;,,^)_Bi,B_i (Lemma 3.6). 
Hence, 523(«) = expit(i?2 - ii;3)- £ (((i^7)''''')^)j^,(^e,),B„^_,-' 

We define a 6 dimensional i?- vector space by 

= {P G I = P, AirAP = P, 7P = P, (P, ^1) = 0, (P, = 0} 



with the norm (see [5] for the definition of { , }'s) 

(P,P)^ = ^{mP,P} = l{l^P,XP) = {rO^ + hh. 

Then, = {P e \ (P, P)^ = 1} is a 5 dimensional sphere. 
Lemma 3.8 m7r'n^')F,^,,,,-,^E,,EjSpin{5) S'. 








\ 


: 




h ,0,0,0) 




h 





/n particular, {{{E-, 



is connected. 



!Ft(hei),Et,E-i 

Proof. Since E-j is commutative with rA, the group (((-E'7)'^'^)'')Fi(ft,e4),Si,B_i 
acts on S^. We shall show that this action is transitive. To show this, it is sufficient 
to show that any element P € can be transformed to (^(£'2 + E^), 0, 0, 0) G 
under the action of {{{E7)'^'^y)F^(^hei),Ei,E_i- ^o^' for a given 

/O \ 
P=([0 i h \ ,0,0,0) €5^, 
Ho h -rd 
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choose t G R such that e**^ e .R. For this t G R, operate 0:23 (f) (Lemma 3.7(2)) e 
mrr'nlMhe.),E,,E., on p. Then, we have 



523(i)P=( r h ,0,0,0) = Pi, re i?. 




In the case of /i ^ 0, operate ai(7r/i/2|/i|) (Lemma 3.7(1)) e {{{Er)'^'^)'^) p^(^he4.),Ei,E-i 
on Pi. Then, we have 








5i(^)A = ( ^' ,0,0,0) =P2G5^ ^'ec. 



Here, from (rf )C' = 1, ^' G C, we can put ^' = < 6I < 27r. Operate a23(-6i) 
on P2. Then, 

523 i~0)P2 = {E2 -Es,0, 0, 0) = P3. 
Moreover, operate 523 (tt/ 2) on P3, 

523(|)P3 = {i{E2 + E3),0,0,0) = iE23- 

This shows the transitivity. The isotropy subgroup {{{Er)'^''^)^) p^^^f^^^-^ at 

i^23 is (((S7)"-'0'')A(„eO,i5i,s_i,£;.3 = (Propositious 3.4, 3.5) = Spin{5). 

Therefore, we have the homeomorphism 
mrr-n'')Mhe,),E,.EjSpin{5) ^ S^. 

Proposition 3.9. m7r'''y)F,^He,),E,,E., = Spin{Q). 
Proof. Since (((-Ey)'''^)''^)^^^^^^-, is connected (Lemma 3.8), we can 

define a homormorphism n : (((^^7)"'^r)^,(L,),Bi,B_i ^ ^^(6) = SO{V^) by 

7r(a) = 

It is not difficult to see that Ker^? = {l,cr} = Z2. Since 

dim.{{{{E7)'^'^^y' ) p^^f^^^^ P^ = 15 (Lemma 3.6) = dim(so(6)), tt is onto. Hence, 

{{{Err'n')p^^,,^lpXj^~^ = ^0(6)- Therefore, (((S7)'^''')^)^^(,,,),i;^,^_^ is 
isomorphism to Spin{6) as a double covering group of 50(6). 

We shall consider a subgroup {{{Er)'^'^)'^) p^^-f^^^^ p^ of Er. 

Lemma 3.10. The Lie algebra {{{t7)'^'^y) p^^^^^^^ p^ of the group 
iiiE7T'''y)F,^he,),E, is given by 

/oooX'^/oo 0\ /OO 

= ^^(^D4 + Ai{p)+iio e q \ , a ia; j , -r a ix 
\0 q —e J \0 ix ra I \0 ix ra 
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Di G so(4) c so(8),e G R,aG C,p,q,x G ijj. 

In particular, we have 

dim((((er)'^''')^)^^(,,,),^J = 21. 
Lemma 3.11. For a R, we define maps ak{a), fc = 2, 3 of^'~' by 



Oik{a) 



Y 

e 

c 



/ (1 + (cos a — \)pk)X — 2{sma)Ek xY + r]{s'ma)Ek \ 
2(sin a)Ek x X + {1 + (cos a - l)pk)Y — ^ (sin a)Ek 
{{sin a)Ek,Y) + (cosa)^ 
{—{sma)Ek,X) + {cos a)r] 



where Pk '■ Z"^ ^ d is defined by 

Pk{X) = {X, Ek)Ek + 4Ek X {Ek xX), X e 3^. 

Then, ak € E^ and a2{a),as{b){a,b G R) commute with each other. 

Proof. For <Pk{a) = 4>(0, aEk, -aE^, 0) e Cr, we have ak{a) = exp#fe(a) G E^. 
Since [^2{a),^3{b)] = 0,a2{a) and as (6) are commutative. 

We define a 7 dimensional -R-vector space V"^ by 



= {P€^^\kP = P,ijlt\P = P,jP = P, {P,Ei) = 0} 
/O 



/i 




ir/ 0' 

,0, -iry) ^ G C, ft G If, r; G flj 



with the norm 



0, 



-(pP,\P) = {rO^ + hh + ri". 



Then, = {P GV'^ \ (F, F)^ = 1} is a 6 dimensional sphere. 



Lemma 3.12 {{{E^r'^^f)p^^^^^^^j,JSpin{Q) 



In particular, (((-^7)"'^) j^^^^g^-j is connected. 

Proof. The group (((£'7)'='^)'*)^^(^^^^_^^ acts on 5^. We shall show that this 
action is transitive. To show this, it is sufficient to show that any element P G 
can be transformed to (0, —iEi,0, i) G under the action of (((£^7)'*''')''') p^(^he4) Ei ■ 
Now, for a given 










/ ir] 











h 


[l 





,0, 


: 


h 









0/ 
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choose a & R,0 < a < n/2 such that tan 2a = — - — -(if — ^ = 0, then 

let a = ■7r/4). Operate a23(a) := a2ia)a3{a) = exp(c?(0, a(£;2 + E3),-a{E2 + 
E3),0)) (Lemma 3.11) G (((£;7)'*''')'^)^^(^^^)^^ (Lemma 3.10) on P. Then, the r/- 
term of a23(a)P is (l/2)(^ — t^) sin2a + «?7COs2a = 0. Hence, 

/O \ 
a23(a)P=( C m , 0, 0, o) = Pi G C S'*'. 

\o m -tcJ 

Since (((£;7)«''')^)A(^e4),B„B_,(c (((i^7)"''')'')A(he4),Bj acts transitivity on 
(Lemma 3.8), there exist /? e (((■E7)''^^)'')j^^(,,e4),_Ei.£;-i such that /3Pi = (^(£2 + 
£^3), 0,0,0) = P2 G 5^ C S^. Moreover, operate a23(-7r/4) on P2, 

a23(-^)P2 = {0,-iEi,0,i) = -iE-i. 

This shows the transitivity. The isotropy subgroup {{{Er)'^'^)'^) p^^^f^^^-^ p^ at E-i 
is {{{E7)'^''^y)p_^(^i^^^^ p_^ p__^ = 5pm(6) (Proposition 3.9). Thus, we have the home- 
omorphism iiiErr^'')p^^^,,^,pJSpini6) ^ S^. 

Proposition 3.13. {{{E7r'n^)p,^He4),E, = Spin{7). 

Proof. Since {{{E7)'^'^y) p^^^f^^^^^ p^ is connected (Lemma 3.12), we can define 
a homormorphism tt : {{{£7)^''')'') A{hUE^ ^ ^0(7) = SO{V') by 

7r(a) = alV"^. 

It is not difficult to see that Ker<^ = {1, cr} = Z2. Since 

dim((((£'7)''''^)^)^^(^^^) P^) = 21 (Lemma 3.10) = dim(so(7)), tt is onto. Hence, 
m7r'n'')M'relEjZ2 = soil). Therefore, (((i^7)-''^)")A(,e.),B. is isomor- 
phism to Spin{7) as a double covering group of 5*0(7). 

We shall consider the subgroup {{(£7)'^'^)'^ ) p^^^f^^^^ of E7. 

Lemma 3.14. The Lie algebra {{{'^7T'^y)p^(^he^) of the group 
{{{E7)^-''y)F^(he4) given by 

= \^<Pl^D4 + Ai{p) + i €2 g 
\ q es 

-^iei) D4 Gso(4) cso(8),afe G C,p,qe H,x G H'^,€k G i2, ei + £2 + es = o|. 
In particular, we have 

dim((((e7)'^''')^)^,(,,,))=28. 
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Hereafter, any element of the Lie algebra {{{^7)'^'^)'^) F^(^he4) ^^^^ be denoted by #8- 
Lemma 3.15. Fort e .R, we define a map a{t) of^^ by 

(e^'*^i e'*a;3 e'*X2 \ / e~^'*r7i e~**y3 e~**y2 \ 
e"a;2 l^i / \ e"**2/2 ?73 / 

r/ien, a{t) S (((i?7)^'^)'')A(/.e.)- 

Proof. For <P = <P{2itEi V £^1,0,0, -2it) e (((e7)'''^)'')F,(,ie4) (Lemma 3.14), 
we have a{t) = exp'P e (((£7)"''')'')j^,(fte4) by V Si = (l/3)(2^i - E2 - £3)^ . 

We define an 8 dimensional H-vector space by 

= {P G qj*^ I kP = P, iitXP = P,-fP = P} 

/O \ /r/ 0\ 
= |P = ( ^ /i , ,0,rr,) ^,r,GC, h e h} 
\0 h -T^J \0 Oj ' ' 

with the norm 

(P, P)^ = i(/.P, AP) = (rO^ + hh+ {Trj)v. 
Then, 5'^ = {P G | (P, P)^ = 1} is a 7 dimensional sphere. 

LEMMA 3.16. m7m'')F,^f,,JSpin{7) 2, S'. 
In particular, (((-£'7)'*''*)'^)i7'j(/je4) connected. 

Proof. The group (((-E'7)'''^)''^)Fi(fce4) ^c*^ We shall show that this 

action is transitive. To show this, it is sufficient to show that any element P € S"^ 
can be transformed to (0,£^i,0, 1) G S"^ under the action of {{{E7)'^'i^y)p^^f^^^y 
Now, for a given 

/O 
P=[{0 i h 
\0 h -T^^ 

choose t G il such that e"^'*?? G Operate Q!(t) (Lemma 3.15) G (((-E7)'*''')'')irj(/ie4) 
on P. Then, 











/ iri' 





'\ 


: 




h 







,0 




h 




u 





0/ 



Since {{{E7r'mF,[he4)M'^ iiiEjr-''V) A^he,)) acts transitivity on (Lemma 
3.12), there exists /3 G {{{E7Y''^y)p^i^^^^) E^ such that /3Pi = {Q,-iEi,Q,i) = P2 G 
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C S"^. Moreover, operate a(— 7r/4) (Lemma 3.15) on P2, 



a(-^)P2 = (0,£i,0,l) = ^i. 



This shows the transitivity. The isotropy subgroup (((.£'7)''''^)''')^,^^^^^^ at Ei is 
(((£^7)'^'^)'^)^^^^^^^ = Spin{7) (Proposition 3.12). Thus, we have the homeomor- 
phism {{{Err'n^)^\^,JSpin{7) ^ S'. 

Proposition 3.17. {{{ErT'^'DF.ihe^) = Spin{8). 

Proof. Since {{{E^)'^''^)'^) p^^f^^^^ is connected (Lemma 3.16), we can define a 
homormorphism tt : (((i^r)"''')^)^^,) ^ ^0(8) = SO{V^) by 

7r(a) = a\V^. 



It is not difficuh to see that Kenp — {l,cr} = Z2. Since dini{{{{Ei)'^''^)'') p^^j.^^^^ 
28 (Lemma 3.14) = dim(so(8)), tt is onto. Hence, (((i^7)'*''')'')F,(?,e4)/-^2 = 5*0(8) 

of 50(8) 



Therefore, ((£^7)"'^)^) ^^(/je^) is isomorphism to Spin{8) as a double covering group 



We shall determine the group structre of ((£^7)" '') '. 

Lemma 3.18. The Lie algebra {{cr)'^''^^ of the group ((£^7)"''^)''' is given by 

/ei 

= ^^^(^Di + D'^ + Ai{p)+ii £2 q 







q €3 

3 












0:2 






X 


as/ 



-r a2 X h-2*«i) D4, D'^ e 30(4) C so{8), ak e C,p,q e H, 
\ S as / 

X e ir*^, cfe e i?, ei + £2 + €3 = o|. 

/n particular, we have 

dim(((e7)''''*)^) = 34. 

Proposition 3.19. ((£;7)'"''')'' = {Spin{4) x Spin{8))/Z2, Z2 = {(1,1), (-1, 
-I)}- 

Proof. For Spin{A) = Sp{l) x Sp{l) = (((£;7)'='^)^)A(h),B„B_„ij.3 (Proposi- 
tions 3.1, 3.3) and Spin{8) = (((-E7)''''')'^)/^(^e^) (Proposition 3.17), we define a 
map 01 : 5pm(4) x Spin{8) -s- ((£;7)'*''')^ by 
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Then, is well-defined. For ^4 e spin(4) (Lemma 3.2) and <Ps & spin(8) (Lemma 
3.14), sinee [^4,<?8] — 0, we have a/3 = /3a. Hence, i/ii is a homomorphism. It 
is not difficult to see that KeT(j)i = {(1, 1), (-1, -1)} = Z2. Since {{ErJ'^'t^y {= 
{Spin{12))^ (see [4], [5])) is connected and dim(((i;7)«''*)^) = 34 (Lemma 3.18)= 
6 + 28 = dim(spin(4)©spin(8)), 01 is onto. Thus, we have the required isomorphism 
(5pm(4) X Spin{8))/Z2 = {{E^Y^i^y. 

Now, we shall determine the group structure of {E-jY''^ . 

Lemma 3.20. T/ie Lie algebra {t7Y''^ of the group {E-jY''^ is given by 

{trY''' 



= {^(^D4 + D'^ + Ai{p)+i 










i 








q 






—T 




In particular, we have 



£'4,-04 G 5o(4) c so{8),ak G C,p,q &H,x& , 
ck G R,ei + 62 + €3 = 0,1/ G iR^. 

dim((e7)'''^) = 37. 



Proposition 3.21. For A g SU{2) = {A e M{2,C) \ {t^A)A = E,AetA = 1}, 
we define C -linear transformations (j){A) of^^ by 



X3 X2 

X3 6 xi 

, X2 Xi ^3 





2/3 


2/2 \ 


)• i 




1/1 




Vi 
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Proof. Let $ = ^{2yE-i V Ei,aEi,-TaEi,u),a e C,u e iR. Then, ^ G 
(er)'"'^ (Lemma 3.20). Therefore, for A = exp^_^^ -f^ ^ ^^{2), we have 
0(A) = exp^ e {Er)"^^. 

Proposition 3.22. (^7)"^ ^ iSU{2) x Spin{l2))/ Z2, Z2 = {{E,l),{-E, 
-a)). 

Proof. The isomorphism is induced by the homomorphism ipi : SU{2) x 
Spin{12) {ErY by fi^A^S) = (t>{A)6. (In detail, see [4], [5].) 

Theorem 3.23. {EyY'-* = (5L/(2) x Spin{4:) x Spin{8))/{Z2 x Z2), Z2 x Z2 = 
{{E, 1, 1), {E, a, a)} x {{E, 1, 1), (-£;, 7, -£77)}. 

Proof. For 5C/(2) (Proposition 3.21), 5pm(4) = (((i^7)'=''^)'')A(^),B„B_i,ij.3 
(Propositions 3.1, 3.3) and Spin{8) = (((i;7)'*''')'^)^^(^^^)(Proposition 3.17), we 
define a map (p : SU{2) x 5*^^(4) x Spin{8) (Er)"'^ by 

ip{A,a,P)^ct>{A)ap. 

Then, (p is well-defined. From Propositions 3.19, 3.22, 93 is a homomorphim. We 
shall show that (p is onto. Let p £ {E^y^'^ . Since (iJy)'^'^ C (ErY , there exist 
A € SU{2) and 5 S S'pm(12) such that p = (piiA,6) (Proposition 3.22). Now, 
Prom 7P7 = p, we have 0(A) (7(^7) = (/)(A)(5. Hence, 

( A = A j A=-A 

I 7^7 = ^ I 7^7 = — (T^ 

The latter case is impossible because A = is false. In the former case, from 
Proposition 3.19, there exist a £ Spin{A) and j3 G Spin{8) such that d = 4>i{a,f5). 
Hence, we have 

p = MAS) = 0(A)<5 = 0(A)0i(a,/3) 
= cl^{A)ap = ip{A,a,p). 

It is not difficult to see that 

Ker^ = {(£;,l,l),(i;,a,a),(-£;,7,-a7),(-i;,a7,-7)} 
= {{E, 1, 1), {E, a, a)} x {{E, 1, 1), {-E, 7, -^77)} 
= Z2X Z2. 

Thus, we have the required isomorphism {SU (2) x Spin{A) x Spin{8))/{Z2 x Z2) = 

{E^Y'\ 
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